K3 SURFACES WITH TEN CUSPS 
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Abstract. We show that normal K3 surfaces with ten cusps exist in and only 
in characteristic 3. We determine these K3 surfaces according to the degrees 
of the polarizations. Explicit examples are given. 



1. Introduction 
We work over an algebraically closed field k. 

An isolated singular point of an algebraic surface is called a cusp if it is a rational 
double point of type A2 (Artin 1, 2, 4 ). 

In characteristic 0, the number of cusps on a normal K3 surface is at most nine. 
Barth showed in 5 that a complex normal K3 surface Y has nine cusps as its only 
singularities if and only if Y is the quotient of an abelian surface by a cyclic group of 
order 3. This is a generalization of the result of [T2|, in which Nikulin showed that a 
complex normal surface Y has sixteen nodes as its only singularities if and only 
if Y is the quotient of an abelian surface by the involution. In 6^ , Barth classified 
normal K3 surfaces with nine cusps according to the degrees of the polarizations. 

In positive characteristics, however, there exist normal if 3 surfaces Y such that 
the singular locus Sing YofY consists of ten cusps. The purpose of this paper is 
to investigate such K3 surfaces. 

A smooth K3 surface X is called supersingular (in the sense of Shioda [31J) if the 
Neron-Severi lattice NS{X) of A is of rank 22. Supersingular Ki surfaces exist only 
in positive characteristics. Let A be a supersingular A3 surface in characteristic 
p > 0. Artin [3] showed that there exists a positive integer <j{X) < 10 such that 
disc A5(A) = -p'^'^i^) holds. This inte ger cr(A) is called the Artin invariant of X. 

We denote by U{m) the lattice of rank 2 whose intersection matrix is equal to 

'0 



Our main results are Theorems 1.1 and 1.4 - 1.6. 

Theorem 1.1. Let Y be a normal A3 surface such that Singy consists of ten 
cusps, and p : X Y the minimal resolution of Y . Let Rp be the sublattice of 
NS{X) generated by the classes of the {—2)-curves that are contracted by p. Then 
the following hold: 

(1) The characteristic of the ground field k is 3. 

(2) The orthogonal complement of Rp in NS{X) is isomorphic to either U{1) 
or C/(3). 

(3) IfR^ ^ U{1), then cr(A) < 5, while if Rj = C/(3), then a{X) < 6. 
Before we state the other main results, we fix the terminology below. 
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Definition 1.2. Let L be a line bundle on a smooth K3 surface X. We say that 
L is very ample modulo {~2)-curves if the following hold: 

(i) The complete linear system \L\ has no fixed components, and hence has no 
base points by ^| Corollary 3.2]. In particular, \L\ defines a morphism 

: X ^ P^, where TV = + 1. 

(ii) The morphism is birational onto the image Y(x.l) •= 

A polarized KS surface is a pair (X, L) of a K3 surface X and a line bundle L on 
X that is very ample modulo (— 2)-curves. The degree of a polarized iiTS surface 
iX,L) is defined to be L^. 

Definition 1.3. Let {X,L) be a polarized ifS surface. We denote by 

PL ■ X ^ Y(^X,L) 

the birational morphism induced by \L\. By |18l Theorem 6.1], pL is a contraction 
of an A£)i?-configuration of (— 2)-curves on X. We denote by R{x,l) sublattice 
of NS{X) generated by the classes of the (— 2)-curves that are contracted by pL- 
We also denote by 7^(x,l) the ADE-iy\)e of the configuration of these (— 2)-curves. 

Note that 'R-(x.l) ~ 10^2 is equivalent to saying that Sing Y(x,l) consists of ten 
cusps. The degree of {X, L) can be completely determined: 

Theorem 1.4. The following conditions on a positive integer d are equivalent: 

(i) d = 2ab, where a and b are integers > 3 such that a ^ b. 

(ii) There exists a polarized supersingular KZ surface {X, L) of degree d such 
that n^x,L) = IOA2 and R(x,l) - ^(1)- 

(iii) Every supersingular A'3 surface X in characteristic 3 with cr(X) < 5 admits 
a line bundle L such that {X, L) is a polarized K3 surface of degree d 
satisfying 7^(x,L) = IOA2 and R^x l) — ^i^)- 

Theorem 1.5. The following conditions on a positive integer d are equivalent: 

(i) d = mod 6. 

(ii) There exists a polarized supersingular K3 surface (X, L) of degree d such 
that n(^x,L) = IOA2 and R(x,l) - ^i^)- 

(iii) Every supersingular surface X in characteristic 3 with cr(X) < 6 admits 
a line bundle L such that {X, L) is a polarized K3 surface of degree d 
satisfying TZ(x,L) — IOA2 and Rj^x L) ~ ^i'^)- 

Supersingular K3 surfaces with ten cusps can be obtained as purely inseparable 
triple covers of the smooth quadric surface Q = x P^. From now on to the end 
of this paragraph, we assume that k is of characteristic 3. For integers a and b, 
wc denote by Ogia, b) the invertible sheaf pr* Opi (a) pr^ Opi (6) of Q = P^ x P^, 
and by LQ{a, 6) ^ Q = P^ x the corresponding line bundle. Because we are in 
characteristic 3, the differential map 

d:H°{Q,OQ{3,3))^H°{Q,nl^{3,3)) 

is well-defined by the isomorphism (3, 3) ^Lq{1,1)®^. For G G H°{Q, Oq{3,3)), 
we denote by Z{dG) the subscheme of Q defined by dG = 0. If d\mZ{dG) = 0, 
then 

length O^frfG) =C2 (1^^(3,3)) = 10 
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holds, where C2 is the second Chern class. We put 

1^3.3 { G G H°{Q, Oq{3, 3)) | Z{dG) is reduced and of dimension }, 

which is a Zariski open dense subset of H°{Q,Oq{3,3)). For a non-zero G G 
H°{Q, Oq(3, 3)), we denote by 

: >G ^ Q = X Pi 
the purely inseparable triple cover of Q defined by 

= G, 

where is a fiber coordinate of the line bundle Lq{1, 1). It is easy to see that G 
is contained in U3^3 if and only if Yq is a normal K3 surface such that Sing Yq — 
T:Q^{Z{dG)) consists of ten cusps. In particular, if G G ^3,3, then the minimal 
resolution Xg of Yg is a supersingular if 3 surface with Artin invariant < 6 by 
Theorem ll.il Conversely, we have the following: 

Theorem 1.6. Let X be a supersingular K3 surface in characteristic 3 with Artin 
invariant < 6. Then there exists G G ^3,3 such that X is isomorphic to Xg- 

We put 

Vi,i:-{i/3eH0(Q,OQ(3,3)) I i/Gi/0(Q,OQ(l,l)) }, 

which is an additive group acting on ^3,3 by G G + (G G ^^3,3, G Vi.i). 
For G, G' G Z//3,3, the triple covers Yg and Yg' are isomorphic over Q if and only if 
G — cG' + holds for some c € and G Vi,i. Hence the space 

m := {PGL{2,k) X PGL{2,k))\F4U3.;3/Vi,i) 

is a moduli space of supersingular K3 surfaces in characteristic 3 with Artin invari- 
ant < 6. We remark that, since dimZ^3.3 = 16 and dim Vi,i = 4, we have 

dimSrn = 16 - 4 - 1 - (3 + 3) = 5, 

as is predicted from the result of Artin In particular, the unique supersingular 
K3 surface of Artin invariant 1 has the following precise model: 

Example 1.7. We put 

Go := {x'-x){y'-y), 

where x and y are afRne coordinates of the two factors of Q = x P^. Then 
Z(o?Go) is equal to 

{{a,f3) I a,/3GF3}U{(oo,oo)}. 

Therefore Go G ^3,3. It can be shown that the Artin invariant of the supersingular 
K3 surface Xgo is 1. See Examplc l7.8l 

Supersingular K3 surfaces in characteristic 2 with 21 nodes are investigated in 
[21 1221 OH- In particular, it was shown there that every supersingular K3 surface 
in characteristic 2 is birational to a purely inseparable double cover of the projective 
plane with 21 nodes; that is, every supersingular K3 surface in characteristic 2 is 
obtained as a generic Zariski surface [?]■ 

Quasi-elliptic K3 surfaces in characteristic 3 with a section and ten singular 
fibers of type A2 are constructed explicitly in TB' . The Artin invariants of these 
supersingular K3 surfaces are < 5. 
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A family of smooth quartic surfaces in characteristic 3 containing an ADE- 
configuration of hnes of type IQA2 is constructed in [21]. A general member of the 
family is of Artin invariant 6. See Example 14.31 for details. 

This paper is organized as follows. In we review the theory of discriminant 
forms of lattices due to Nikulin jl^. In 121 we quote from Artin 3 , Rudakov- 
Shafarevich ^7], Saint-Donat ^Sl and Nikulin 16 some known facts about Neron- 
Severi lattices and polarizations of supersingular surfaces. In f^I prove 
Theorem 11.11 using the theory of discriminant forms. In inland flHI we prove The- 
orems 11.51 and 11.41 We reduce the problem of existence of the polarizations on a 
supersingular KZ surface to a problem of existence of ternary codes with certain 
properties, and solve the latter by computer. In we prove Theorem 11.61 The 
proof presented here seems to be quite lattice-intensive. We think there should be 
a more elementary proof. See Question 17. 71 

Acknowledgment. This work was done during the second author's visit to 
Hokkaido University who likes to express his thanks for the very warm hospitality. 

2. Discriminant forms of lattices 
For a finite abelian group A and a prime integer p, we denote by 

A = A(^p) X v4(p/) 

the decomposition of A into the p-part A(p) and the p-prime-part Af^pi^ of A. 

A lattice is, by definition, a free Z-module of finite rank with a non-degenerate 
symmetric Z- valued bilinear form. A lattice A is said to be even if v'^ e 2Z holds for 
every v € K. Let A be an even lattice. We denote by A^ the dual lattice Hom(A, Z). 
We have a natural embedding A ^ A^ of finite cokernel, and a symmetric bilinear 
form A^ X A^ ^ Q that extends the Z-valued symmetric bilinear form on A. We 
put 

Disc(A) A'^/A, 

and call it the discriminant group of A. We then define the discriminant form 

QA : Disc(A) ^ Q/2Z and 
6a : Disc(A) x Disc(A) -> Q/Z 

by 

qA{v) '■— mod 2Z and 
6a(w,w) vw Tcio&Z^ {qA{v + w) - qA{v) ~ qA{w))/2, 

where v,w € A^, and v :— v mod A, iD := w mod A. Let p be a prime integer 
dividing | Disc(A)| = | disc A|. Then Disc(A)(p) and Disc(A)(p/) are orthogonal with 
respect to 5a. We put 

9A(p) ^aI Disc(A)(p), 9A(p') := ^aI Disc(A)(p,), 
6a(p) := ^aI Disc(A)(p) x Disc(A)(p), 5a(p') := 6a| Disc(A)(p,) x Disc(A)(p,). 

For a subgroup H of Disc (A), we denote by the orthogonal complement of H 
with respect to 5a. Note that is canonically isomorphic to 

(i7(p))-^ := { a; G Disc(A)(p) | 6a(p) (a;, y) = for any ?/ e }. 
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We will use the notation to denote (iJ^)(p) = (i/(p))-'^. A subgroup H C 
Disc(A) is called isotropic if QaIH is constantly equal to 0. If H is isotropic, then 
H is contained in H^. Note that we have 

An overlattice of A is, by definition, a submodule A' of A^ containing A such that 
the Q- valued symmetric bilinear form on A^ takes values in Z on A'. 

Proposition 2.1 (Nikulin ^H])- iei pr^ : A^ Disc(A) be the natural projection. 
The correspondence 

gives a bijection from the set of isotropic subgroups of Disc(A) to the set of even 
overlattices of A. For an isotropic subgroup H , the discriminant group of Ah is 
isomorphic to /H . 

Remark 2.2. If A is of rank r, then Disc(A) is generated by r elements. 

A vector v in an even negative- definite lattice A is called a root if = —2. We 
denote by Roots(A) the set of roots in A. It is known that Roots(A) forms a root 
system of type ADE ([HllEl)- An even negative-definite lattice A is called a root 
lattice if it is generated by Roots(A). 

Let Z[10^2] denote the root lattice of type 10^2- Then Z[10^2] is generated by 
roots Ci,di (z = 1, . . . , 10) satisfying 

— df — —2, Cidi — 1, and (q, di) ± {cj, dj) if i ^ j. 

We have 

Roots(Z[10^2]) = {±Ci, ±di, ±(c, + d,) (i = 1, . . . , 10)}, 

and 

10 

Z[10A2]'' = { ^(S.C. + t^d^)/3 \ S^, t^ & Z, S^ + t^ = mod 3 = 1, . . . , 10) }. 

i=l 

We put 

7, (q + 2d,)/3 mod Z[10A2] £ Disc(Z[10^2]). 

Then we have 

Disc(Z[10A2]) = F371 ® • • • © F3710, 

and 

(2.1) qi.[wA2]{xili + --- + xio-/io)^-2{xl + --- + xlo)/3 e Q/2Z. 
For a vector 

X = (xi, . . . ,^10) = xi7i H ha;io7io e Disc(Z[10A2]) = F3", 

we define the Hamming weight wt(x) of x by 

wt(x):=|{i \ x,^0}\ e Z>o. 
Then, for a vector r e Z[10j42]^, we have 

(2.2) < -(2/3)wt(f), where f r mod Z[10^2] G Disc(Z[10A2])- 
Moreover, 

o\ ^ vector X £ Disc(Z[10A2]), there exists a vector r G Z[10742]^ 

^ • ' such that r = X and = (-2/3) wt(x) hold. 
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Let e and / be basis of the lattice U{m) satisfying 

e^^f^ 0, ef = m. 
We put :— f/m and :— e/m. Then Disc(C/(m)) ^ (Z/mZ)^ is generated by 

:= mod U{m) and mod U{m), 

and the discriminant form is given by 

(2.4) qu(m){yie'' +y2n^2yiy2/m e Q/2Z. 

3. NeRON-SeVERI LATTICES OF SUPERSINGULAR A'3 SURFACES 

A lattice A is called hyperbolic if the signature of A is (1, rank A — 1). Let p 
be a prime integer. A lattice A is called p- elementary if Disc(A) is a p-elementary 
abelian group; that is, pA^ C A holds. An overlattice of a hyperbolic p-elementary 
lattice is again hyperbolic and p-elementary. 

The following is due to Artin 3 and Rudakov-Shafarevich |17) . 

Theorem 3.1. Let X he a supersingular Ki surface in characteristic p > Q. Then 
NS{X) is an even hyperbolic p-elementary lattice. 

The following is due to Rudakov-Shafarevich ^| Section 1]. 

Theorem 3.2. Suppose that p is odd. Let a be a positive integer < 10. Then the 
lattice N with the following properties is unique up to isomorphisms: 

(i) N is even, hyperbolic of rank 22, and 

(ii) Disc(Ar) ^ F^'^. 

From now on to the end of this section, we assume that p is odd. We denote 
the lattice N in Theorem 13.21 bv Np^„. Let X be a supersingular K3 surface in 
characteristic p with a{X) — a. By Theorems 13.11 and 13.21 there exists an isometry 

0: TVp,, ^ m{x). 

More precisely, we have the following: 

Proposition 3.3. Let h be a vector of Np^^ such that h^ > 4, and let X be a 
supersingular K3 surface in characteristic p with <t(A) = a. 

(1) The following conditions are equivalent: 

(i) There exist no vectors u £ Np^^j satisfying hu = 1 or 2 and = 0, and 
there exist no vectors b G Np^g- satisfying h = 2b and b^ = 2. 

(ii) There exists an isometry (p : Np,^ NS{X) such that (p{h) is the class [L] 
of a line bundle L that is very ample modulo {—2)-curves. 

(2) Suppose that the conditions in (1) are fulfilled, and let L be a line bundle very 
ample modulo {~2)-curves such that (ji^h) = [L] by some isometry (j). Then Y(^x,L) 
has only rational double points as its singularities, and the ADE-type TZ^x.L) of 
Sing Y(x,L) is equal to that of the root system 

Roots(/i^) := { r e Np^„ \ rh = 0, = -2 }. 

For the proof, we use the following results due to Nikulin ^| Proposition 0.1] 
and Saint-Donat JHl Section 5]. 
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Proposition 3.4 (Nikulin 16 ). Let L be a nef line bundle on a K3 surface X 
with > 0. // \L\ has a fixed component, then \L\ is equal to m\U\ + T, where T 
is the fixed part of \L\, \U\ is an elliptic pencil, and = 0, UT = 1, = —2, 
m = dim \L\ = hold. If\L\ has no fixed components, then a general member 

of \L\ is irreducible and dim \L\ = + 1. 

Proposition 3.5 (Saint-Donat 18 ). Let \L\ be a complete linear system without 
fixed components on a K3 surface X such that L^ > 4. Then the morphism 
fails to be birational onto its image if and only if one of the following holds: 

(i) There exists an irreducible curve U such that C/^ = and UL ~ 2. 

(ii) There exists an irreducible curve B such that = 2 and L — Ox{2B). 

Proof of Provosition AS.'A The assertion (2) follows from Theorem 6.1] and [211 
Lemma 2.4]. We now prove (1). 

Suppose that the condition (i) in (1) holds. By (171 Section 3, Proposition 3], 
there exists an isometry (j) '■ -^p,cr NS{X) such that (j){h) is the class of a nef line 
bundle L. By Proposition l3.4l \L\ is fixed component free. By Proposition l3.5l 
is birational onto its image. So (ii) is true. 

Conversely, suppose that (ii) holds. We assume that there exists a vector u £ 
Np^cr satisfying hu — 1 or 2 and — 0, and derive a contradiction by the argument 
in 1^ Proof of Proposition 1.7]. By the Riemann-Roch theorem, (l>{u) is the class 
[U] of an effective divisor U such that dim \ U\ > 1. Let D + A be a general member 
of \U\, where A is the fixed part of \U\. We have D ^ smd D'^ > 0. If DL = 0, 
then < would follow by Hodge index theorem, a contradiction. Since L is nef, 
AL > 0. Therefore, we have DL = 1 or 2. Then the image of D by is cither a 
line or a plane conic. In any case, we have dim \D\ — 0, which is a contradiction. 

Next we assume that there exists a vector b € Np,o- such that h — 2b and b^ = 2. 
Let B be an effective divisor such that (f){b) — [B]. Since [B] — [L]/2, B is nef. 
If there exists an irreducible member in \B\, then Proposition 13. 5| implies that 
$1^1 is not birational onto its image. If there exist no irreducible members in \B\, 
then Proposition 13.41 implies that \B\ has a fixed component, and \B\ is written 
as 2\U\ + r, where UB = 1 and U'^ = 0. Then UL ^ 2 follows. Hence '^m is 
not birational onto its image, and we get a contradiction. So (i) is true. Thus the 
assertion (1) is proved. □ 

Remark 3.6. If there exists a vector b such that h — 2b and b^ = 2, then h is of 
degree 8. 

4. Proof of Theorem 11.11 

Theorem 11.11 follows from the structure theorem of Neron-Severi lattices of su- 
persingular K3 surfaces (Theorems 13.11 and I3.2|l . and a purely lattice-theoretic 
Lemma Ol below . A sublattice A' C A is called primitive in A if (A' (g) Q) n A = A' 
holds. 

Lemma 4.1. Let N be an even hyperbolic p-elementary lattice of rank 22 such 
that Disc(A^) is isomorphic to F^'^, where a is a positive integer. Suppose that N 
contains a sublattice R isomorphic to Z[10A2]. Then p — 3, and the orthogonal 
complement R^ of R in N is isomorphic to U{1) or U{2>). If S ^ then 
(T < 5, while if S = U{3), then cr < 6. 
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Proof. Wc put S := i?^, which is an even hyperbohc lattice of rank 2 primitive in 
N. Then N is an overlattice of the orthogonal direct sum R(B S. We put 

H ■.= N/{R®S). 

Clearly, we may assume that H ^ (0). 

Note that H is an isotropic subgroup of Disc(_R ® S) = Disc(i?) © Disc(5) with 
respect to Qr^s = Qr® Qs, and Disc(A^) = / H is a p-elementary abelian group. 
Since S is primitive in N , we have 

(4.1) i?n(0©Disc(S')) = 0. 

Let I be a prime integer different from 3 and p. Assume that Disc(S')(;) is not 0. 
Since Disc(A^)(;) = 0, we see that is not 0. Since Disc(Z[10A2])(;) — 0, we have 
C (0 ® Disc(S')(i)), which contradicts H4.HI . Hence we obtain 

(4.2) Disc(S')(;) = for any prime / distinct from 3 and p. 

Let TO3 : Disc(S')(3) Disc(S')(-3') be the homoniorphisni given by 7713(2;) := 3a;. 
Since every element of Disc(_R) is annihilated by multiplication by 3, the image 
C Disc(5')(3) of i7(3) C Disc(i?)(3') ® Disc(5)(3) by the projection to the factor 
Disc(S')(3) is contained in Ker77i3 by H4.1|l : 

(4.3) C Ker7773. 



(3) 

(3) 



Therefore, Im77i3 is contained in the orthogonal complement of with respect 
to gs(3). Hence we obtain 

(4.4) 0® Im7773 C 

We assume p 7^ 3, and derive a contradiction. By (|4.2|l . we have 

(4.5) Disc(S') = Disc(S')(3) x Disc(5)(p). 

Since Disc(i?)(p) = 0, the property (|4.1|) implies = 0. Therefore Disc(A'^) = 
Disc(7V)(p) is isomorphic to Disc(S')(p). Since dimp^ Disc(A^) = 2(T is positive and 
even, and 5* is of rank 2, we obtain 

(4.6) Disc(5)(rt =f2. 
On the other hand, from Disc(A^)(3) — 0, we obtain 

(4.7) ^(3)-ff(i)- 

By (|4.1I) . 14.4|l and 1)4. 7|l . we obtain Im 7*7,3 = 0; that is, Disc(S')(3) is 3-elementary. 
From 14.7|l . we have lO+dimFj Disc(5)(3) — 2dimF3 -ff(3), and hence dim^g Disc(S')(3') 
is even. Since S is of rank 2, we obtain 

(4.8) Disc(S')(3) '^Q or F^. 

Suppose that Disc(S')(3) ^ 0. Then H^y^ can be regarded as an isotropic subgroup 
of Disc(i?) with respect to gi^. Because if(3) = iJ^-^^^ , the corresponding overlattice of 
R would be an even unimodular negative-definite lattice of rank 20. This contradicts 
the classification of unimodular lattices f |19[ Chapter V]). 

Suppose that Disc(S')(3) = F§. By 1)4. 5|l and H4.6)l . S is an even indefinite lattice 
of rank 2 such that Disc(S') = {l^/'ipiy' . By the classification of indefinite lattices 
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of rank 2 (JiJ, Chapter 15, Section 3]), we see that the intersection matrix of S 
with respect to an appropriate basis is 

In any case, the quadratic form (Disc (S") (3) , 95(3)) is isomorphic to 

- (Disc(C/(3)),gt,(3)). 



1/3 
1/3 



Therefore the isotropic subgroup _ff (3) of Disc(i?)©Disc(S')(3) satisfying i7(3) = H^^-^ 
would yield an even hyperbolic unimodular lattice of rank 22 as an overlattice of 
i? © J7(3), which again contradicts the classification of unimodular lattices. 
Therefore p = 3 is proved. 

By 14.2|l . we have Disc(S') — Disc(S')(3), and hence H = iJ(3) holds. Suppose 
that (^, rj) G H-^, where ^ G Disc(i?) and 77 £ Disc(S'). Since H-^/H is 3-elementary, 
we have (3^,377) = (0,377) G H. By (|4.1(l . we have 377 = 0. Therefore the image 
(H-'-)^ C Disc(S') of C Disc(i?) © Disc(S') by the projection to the factor 
Disc(S') is contained in Kerm3: 

(4.9) {H^y^ C Ker7n3. 

Next we will show that S is isomorphic to U{1) or U{3). Since H^/H is 3- 
elementary, (|4.1(l and (|4.4(l imphes that 7n3(ImTO3) = 0; that is, 9a: = for any 
X S Disc(S'). Since 

2cr = dimw,iH-^/H) = 10 + log3 |Disc(S')| - 21og3 \H\ 

is even and S is of rank 2, Disc(S') is isomorphic to 0, F3, Z/9Z or (Z/9Z)^. 

We first assume that Disc(S') is a cyclic group of order 9, and derive a contra- 
diction. Let 7 be a generator of Disc(S'). We have Im7n3 = Kerm3 = (37). Let 
i/^ C Disc(i?) and 7?^ C Disc(S') be the images of if C Disc(i?) © Disc(S') by the 
projections to the factors Disc(i?) and Disc(S'), respectively. 

Claim 4.2. We have 

where {H^)^ C Disc(i?) and (H^)-^ C Disc(S') are the orthogonal complements 
of and with respect to qn and qs, respectively. In particular, we have 
(F^)-L = {H^f. 

Proof. It is obvious that contains (H^)-^ © (H^)^. Suppose that (^,7;) e H-^, 
where ^ e Disc(i?) and tj G Disc(S'). By we have 77 G Ker 777,3 = Im77i3. 

By (|13|), we have (0, 77) G and hence (^, 0) G hold. Because (C, 0) G (H^)^ 
and (0,77) G {H'^)^, Claimg^lis proved. □ 

Because H^/H is 3-elementary, we have (0,7) ^ by 14.1|l . Hence we obtain 

(4.10) (i?^)^ = {H^f ^ Disc(^). 

By (gSI), H'^ is either or Ker7773. If H'^ = 0, then (H^)-^ = Disc(S') and we get 
a contradiction to (|4.10|l . Suppose that = Ker 7773. Then {H^)^ D Im7773, and 
hence (H^)^ — Im 777.3 by H4.10|l . In particular, we have 

(4.11) log3|(i7^)^| = l. 
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Since \iH"^)-^\ = 3^°/\H^\ and H = hy gH), we see that 

2a = log3 \H^/H\ - log3 + logg \{H^)^\ - logg \H\ - 10 - 21og3 \H\ + 1 

is odd by (HHU, which is absurd. Therefore Disc(S') ^ Z/9Z. 

Because S is an even lattice, the classification of indefinite lattices of rank 2 f 
Chapter 15, Section 3]) implies the following: 

Disc(5') = = 



Disc(S') ^ ¥l 



^ 5 -(7(1), 
=^ S^U{'3), 
Disc(S') = (Z/9Z)2 =^ U{9). 

Next we assume S = t^(9), and derive a contradiction. Note that Kerma is 
generated by 

ae"" = //3 mod S and 3/'' = e/3 mod S*. 

By H4.9|l . we have 

(4.12) C Disc(i?) ® Kerma. 

Then H is also contained in Disc(i?) ® Kerrria. Suppose that H is generated by 



..,rj 



where G F3. We put 



(1) 



^1 



(r) 



^(1) 
SIO 



SIO 



(r) 
V2 



(r) 

?7i 



From (|2.1() and (|2.4() , an element 



a;i7i H h a;io7io + ?/ie + ^2/ {xi, 

of Disc(i?)®Disc(S') is contained in if and only if the vector x :— [xi 
satisfies the equation 



^10 eFa, yi,2/2 eZ/9Z) 

,xio,yi,y2] 



(4.13) 



mod 3. 



We consider (|4.13|l as a system of linear equations over F3 . The property (|4.12() of 
implies that every solution of H4.13|l in F3 must satisfy 

(4.14) yi = 2/2 = 0. 

Because of (I4.1|l and hence H = H^, we can choose generators g^^\ . . . , g^'^^ of H 
in such a way that, after suitable permutations of 10 coordinates of Disc(i?) = Fg" 
if necessary, the r x 12 matrix M is of the form 



M 



Ir 



where Ir (r < 10) is a diagonal matrix whose diagonal entries are 1. Now non-zero 
elements of the subgroup oi H ^ of should be solutions of H4.13|l in F3, 
but do not satisfy H4.14|l . Thus we get a contradiction. 

Hence S is isomorphic to U{1) or C/(3). If 5 = [/(I), then 2a = 10-2dimF3 H < 
10, while if 5 ^ C/(3), then 2a = 10 + 2 - 2 diniFg H < 12. □ 
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Example 4.3. Let [w : x : y : z] he homogeneous coordinates of P'^. For homoge- 
neous polynomials /(y, z), g{y, z) and h(y, z) of degrees 3, 3 and 4, we consider the 
quartic surface X defined in P'^ by 

w^y + x^z + wf{y, z) + xg{y, z) + h{y, z) = 0. 

When X is smooth, X is a supersingular Ki surface, because X contains a con- 
figuration of lines as in ,20, Section 6]. It was shown in [201 Section 6] that, when 
/, g and h are general, the Artin invariant of X is 6, and hence the orthogonal 
complement of the sublattice R C NS{X) generated by the classes of the lines 
Ci,Di, . . . , Cio, -Dio (10 pairs of intersecting lines in 10 singular fibres of type IV) 
is isomorphic to U{3). When /, g are general and h = Q, the Artin invariant of X 
is 5 by |25[ Section 4]. In this case, the line £ defined by w = a; = is contained in 
X. Since = -2 and [£] G i?-^, R-^ is isomorphic to U{1). 

5. Proof of Theorem 11.51 

The discriminant group D of Z[10^2] © U{3) is equal to 

F371 © ■ • ■ ® F3710 © Fge^ © 

and the discriminant form q of Z[10^2] © U{3) is given by 

q{xi,...,xio,yi,y2) = -2{xl + --- + xlo)/3 + 2yiy2/3 E (Q/2Z. 

We consider subgroups of D as ternary codes. Recall from |]21that the Hamming 
weight of a word x = {xi, . . . , xio) G Disc(Z[10v42]) is defined by 

wt(x) := |{ z I / }|. 

Then a ternary code C C -D is isotropic with respect to q if and only if 

(5.1) wt(x) = yi?/2 mod 3 for any (x,?/i,y2) G C 

holds. A ternary code C C D satisfying H5.1|) is therefore called an isotropic code. 
For an isotropic code C, we denote by Nc the overlattice of Z[10v42] © U{3) corre- 
sponding to C by Proposition l2.1l By Theorem 13. 21 Nq is isomorphic to the lattice 
A^3,tT, where a — 6 — dimC. 

It is easy to see that the following conditions for an isotropic code C are equiva- 
lent: 

(i) wt(x) > for any non-zero word (x, yi, 2/2) G C, 

(ii) C/(3) is primitive in Nc, and 

(iii) Z[10A2]-L = C/(3) in Nc. 

We say that an isotropic code C is admissible if C satisfies the conditions above. 
Let h = ae + bf he a vector of U (3) with a > 1 and 6 > 1. We have = Gab. 

Lemma 5.1. Let C be an admissible isotropic code. 

(1) There exists a vector u G Nc satisfying hu — 1 or 2 and — if and only 
if the following hold: 

(a) a = b = 1, and 

{f3) there exists (x, 7/1,2/2) G C such that wt(x) = 1. 

(2) The set of roots Roots(/i-'-) {r G A^c I ^"^ = 0, = -2} in is strictly 
larger than Roots(Z[10yl2]) = {±Ci, idi, ±(ci + d;)} if and only if one of the fol- 
lowing holds: 

(a) there exists (x, 2/1,2/2) G C such that wt(x) — 3 and 2/1=2/2= 0, or 
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(b) a = b, and there exists ('X.,yi,y2) G C such that wt(x) — 2, or 

(c) (a = 2b or b = 2a) and there exists (x, 2/1,2/2) G C such that wt(x) 1. 

Proof. We prove (1) first. Suppose that a vector 

(5.2) u = r„+ 7716^+772/'' (r„ eZ[10A2]^, 771,7^2 eZ) 
of Nc satisfies hu ^1 oy 2 and ~Q. Then we have 

(5.3) 0771 + 6772 = 1 or 2, 

(5.4) rl + 27/1772/3 = 0. 

Note that (7/1, 772) ^ (0, 0) mod 3 by (|5.3() . Since C is admissible, we have r^ 7^ by 
, and hence 771772 > by (|5.4(l . From (|5.3|l . we obtain 

a = 6 = 1, r/i = 772 = 1, 

and hence, from H5.4|l . we have 

r2 = -2/3. 

By the word 

u = u mod (^[10^2] ® J7(3)) = (f„, ^1,7/2) (where r„ = r„ mod Z[10A2]) 

of C has the property wt(f„) = 1. 

Conversely, suppose that a = b = 1 and that there exists a word (f, 2/1,272) £ C 
such that wt(f) = 1. Replacing (f, 271,7/2) by (—f, —2/1, —7/2) if necessary, we can 
assume that 2/1 = 2/2 = 1 by \b.l\ . Then, by (|2.3|l . there exists a vector 

in A'c satisfying — —2/3. This vector u satisfies hu — 2 and = 0. Thus the 
assertion (1) is proved. 

We now prove (2). Suppose that a vector u G Nc given by H5.2() satisfies hu = 0, 
7/2 = -2 and m ^ Roots(Z[10^2])- Then we have 

(5.5) 0771 + bri2 = 0, 

(5.6) rl + 2771772/3 = -2. 

Suppose that 771 = or 772 = 0. Then (|5.5(l implies 771 = 772 = and hence wt(f„) = 
mod 3 holds because C is isotropic. By H2.2|l and H5.6|) . we have wt(f„) < 3. If 
wt(rtj) = 0, then m = is contained in Roots(Z[10A2]). Hence we have wt(fti) = 3, 
and therefore the condition (a) is satisfied. Suppose that 771 ^ and 772 ^ 0. 
By H5.5|l . we have 771772 < 0. By (|2.2|l and H5.6(l . we see that the pair (7/1772, wt(f,u)) 
is either (—1, 2) or (—2, 1). In the former case, we have a = 6 by (|5.5(l and hence 
(b) is satisfied. In the latter case, we have a = 26 or = 2a by (|5.5|l and hence (c) 
is satisfied. 

Conversely, suppose that (a) is fulfilled. Using l|2.3() . we have a lift 

u^r + Q + QeNc (r e Z[10A2]'') 

of the word (f, 0, 0) £ C with wt(f) = 3 such that = -2. Then u e Roots(/i-L) \ 
Roots(Z[10A2]). Suppose that (b) is satisfied. A vector 

7i = r + e"" - /"^ e Nc 

with wt(f) = 2 and r^ = -4/3 satisfies u e Roots(/i-'-) \ Roots(Z[10A2]). Suppose 
that (c) is satisfied and assume that a = 2b. A vector 

w = r + e"" - 2/'' e Nc 
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with wt(r) = 1 and = -2/3 satisfies u G Roots(ft.^) \ Roots(Z[10A2]). Thus the 
assertion (2) is proved. □ 

Proof of Theorem \1.5\ The impUcation (iii) (ii) is obvious. Since every vector 
h of U{3) satisfies = mod 6, the imphcation (ii) =4> (i) is also obvious. Using 
computer, we can prove the following Claim See Remark Inland Table IBTTl 

Claim 5.2. There exists an isotropic admissible code C C -D of dimension 5 with 
the following property: 

_,N every non-zero word (x, yi,j/2) G C satisfies the following: (i) 

^ ' wt(x) > 3, and (ii) if wt(x) = 3, then (^1,^2) ^ (0, 0). 

We now prove (i) (iii) Suppose that an integer d = 6to (m G Z>o) is given. 
Let X be a supersingular KS surface in characteristic 3 with Artin invariant cr < 6. 
For the basis e, / of U{3) at the end of Section 2, we put 

h := e + mf. 

Then — d. Let C(cr) be a linear subspace of the code C in Claim 15.21 with 
dim C((t) — 6 ~ (j. Since C{a) is isotropic, the corresponding overlattice -^c(ct) 
of Z[10A2] © C/(3) is isomorphic to iVs.o- by Theorem 13.21 Hence there exists an 
isometry 

^ : 7Vc(,) ^ NSiX) 

by Theorem l3.1l Since every word of C(o') satisfies the conditions (i) and (ii) in H5.7|l . 
Lemma 15.11 implies that there exist no vectors u in Nc^a) satisfying hu = 1 or 2 
and — 0, and that the set of roots in the orthogonal complement /i^ of h in 
Nc(a) coincides with Roots(Z[10A2]). By Proposition 13. 31 and Remark 13.61 we can 
choose the isometry cf) : Nc(a) — * NS(X) in such a way that (j>{h) is the class [L] of a 
line bundle L very ample modulo (— 2)-curves such that induces a contraction 
PL : X Yi^x,L) of an ^Z3i?-configuration of (— 2)-curves of type 10^2- Since C(cr) 
is admissible, we see that R'p^ l) NS{X) is isomorphic to U{3). Thus X admits 
a polarization L of degree d with the hoped-for properties. □ 



Remark 5.3. Let G denote the group of linear automorphisms of D ^ Fg" ® F§ 
generated by 

{xi,...,Xio,yi,y2) i-^ (2^a(i), ■ • • ,a;^(io),yT(i),yT(2)) (ct € Sio, r G 62), and 
(xi,...,sio,2;i,y2) ^ ((-l)"ixi,...,(-l)"i°xio,(-l)''yi, (-1)^^2/2) 

(ai,...,aio GF2,/3gF2). 

Note that, if C C Z3 is an isotropic admissible code, then so is g{C) for any g E G. 
We define the weight enumerator of a ternary code C by 

we(C) := 

(x,yi,y2)eC 

Using computer, we have proved that there exist at least seven isomorphism classes 
of isotropic admissible codes of dimension 5 with the property H5.7|l . The repre- 
sentative codes Ci , . . . , C7 of these classes are given in Table 15.11 Their weight- 
enumerators are given in Table 
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C7 
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Table 5.1. Bases of the codes Ci, . . . , C7 
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we(Ci) 


= 1 - 


hl2z3 


+ 18z4 


+ 36z5 


+ 108zS + 36z'^ + 18 


z^ + 14 z 


9 


we(C2) 


= 1 - 




10 


h24z^- 


h86 26 + 40z^ + 30z* 


+ 40 z^ H 


h4zio 


we(C3) 


= 1 - 


h 4 z^U 


-8z4 + 


24 z'^ + 


94 + 44 z'^ + 30 z^ - 


1- 36 z^ + 


2zi", 


we(C4) 


= 1 - 




-6z4 + 


18 z"" + 


102 z6 + 42 z^ + 36z* 


+ 26z^H 


r6zi° 


we(C5) 


= 1 - 




+ 60z6 


+ 120 z 


^ + 20z^ + 12zi°, 








= 1 - 




+ 18z5 


+ 96z^ 


+ 36z^ + 36z* + 38z 


9 






= 1 - 


h72z^- 


+ 60z6 


+ 90z* 


+ 20z^ 







Table 5.2. Weight-enumerators 



Corollary 5.4. Let X be a supersingular K3 surface in characteristic 3 with Artin 
invariant 1. T/ien there exist at least seven line bundles Li,...,Ly of degree 6 
on X that are mutually non- isomorphic and that induce contractions of IOA2- 
configurations of {—2)-curves on X . 

See Example EH 

6. Proof of Theorem 11.41 
The proof of Theorem 1 1.41 is similar to and simpler than that of Theorem 1 1.51 
The discriminant group D of 'L[1QA2\ ®U{1) is equal to 

F37i©---©F37io. 

A ternary code C C -D is isotropic with respect to the discriminant form q of 
Z[10yl2] © U{1) if and only if 

(6.1) wt(x) = mod 3 for any x G C 

holds. For an isotropic code C, we denote by Nc the ovcrlattice of Z[10A2] © U{1) 
corresponding to C. By Theorem 13.21 Nc is isomorphic to the lattice A^a.o-, where 
cr = 5 — dimC. 

Let /i = ae + 6/ be a vector of U{1) with a > 1 and 6 > 1. We have h^ = 2ab. 

Lemma 6.1. Let C be an isotropic code in D = Fj". 

(1) There exists a vector u G Nq satisfying hu — 1 or 2 and — if and only 
if a<2 orb<2. 

(2) The set of roots Roots(/i-'-) := {r € Nq \ rh = 0, = -2} in h^ is strictly 
larger than Roots(Z[10^2]) */ o,nd only if one of the following holds; 

(a) there exists x e C such that wt(x) = 3, or 

(b) a = b. 

Proof. We prove (1) first. Suppose that a vector 

(6.2) u^r^ + T^if + Tj2e (r„ e Z[10^2]'', ?7i, 7?2 £ Z) 

of Z[10A2]'^ ® U{iy = Z[10A2]'^ e U{1) satisfies hu = 1 or 2 and = 0. Then we 
have 

(6.3) arji + 6772 = 1 or 2, 

(6.4) rl + 2771772 = 0. 
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By (|6.4(l . we have 771772 > 0. Using (|6.3|l . we have a < 2 or 6 < 2. Conversely, if 
a <2, then u — f satisfies hu ~ a ~1 oy 2 and v?' = 0. Thus (f ) is proved. 

Next we prove (2). Suppose that a vector u given by Ht).2|l satisfies hu = 0, 

= -2 and m ^ Roots(Z[10^2])- Then we have 

(6.5) 0771 + 67/2 = 0, 

(6.6) rl + 27^1 7^2 = -2. 

Because C is isotropic, wt(f„) = mod 3 holds. If 771 = or 772 = 0, then (|6.5() 
implies 771 = 772 = 0. By 1)2.2(1 and ((6.6(1 . we have wt(f„) < 3. If wt(f„) = 0, then 
w = r„ is contained in Roots(Z[10A2]). Hence we have wt{fu) = 3, and therefore 
the condition (a) is satisfied. Suppose that 7/1 / and 772 7^ 0. By ((6.5() . we have 
771772 < 0. By 1(6.6(1 . we have r„ = and 7/1772 = —I, and hence a = b follows 
from (|^ . 

Conversely, suppose that (a) is fulfilled. Using 1(2.3(1 . we have a lift 

u = r + + OeNc (r e Z[10A2]'') 

of the word f £ C with wt(f) — 3 such that — —2. Then m is contained in 
Roots(/i-'-) \ Roots(Z[10yl2]). Suppose that (b) is satisfied. The vector 

u = e- f G Nc 

satisfies u G Roots(/i-L) \ Roots(Z[10yl2]). □ 
In order to prove Theorem II. 41 it is therefore enough to show the following: 

Claim 6.2. There exists an isotropic code C C D ^ F3" of dimension 4 such that 
wt(x) > 6 holds for any x G C. 

The code C generated by the row vectors of 

"1000011111" 
10 10 112 2 
1 1 1 2 1 2 
1 1 1 2 2 1 

satisfies wt(x) > 6 for any x G C. The weight-enumerator X^xec z^'^''-' of this code 
C is 

l + 60z^ + 20z^. 

Remark 6.3. The code C above is obtained as a subcode of the extended ternary 
Golay code in F^^^ ggg Chapter 5, Section 2]. 

7. Proof of Theorem 11.61 

Let {X, L) be a polarized K2> surface of degree 6. Then ^(x.l) is a complete 
intersection of multi-degree (2,3) in by Theorem 6.1]. Let Q{x,l) denote 
the unique quadric hypersurface in containing Y(^x,l)- 

Proposition 7.1. Suppose that Ti(x.L) = IOA2 and R^x l) ^ ^^(3)- Then Q{x.l) 
is a cone over a non-singular quadric surface Q = P"'^ x P"'^, a7irf Y(^x,L) does not 
pass through the vertex P of the cone Q[x.L) ■ 
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Proof. By the assumption, i?p^ is generated by the numerical equivalence classes 
[E] and [F] of divisors E and F satisfying 

(7.1) E^ = F^ = 0, EF = 3, [L] = [E] + [F]. 

By the Riemann-Roch theorem, we can assume that E and F are effective. Suppose 
that \E\ has a fixed component. Let M + F be a general member of \E\, where 
r is the fixed part of \E\. Because : X ^(x.l) is birational, pL induces a 
birational map from M to pl{M). Note that pl(M + F) is a cubic curve. If pL(r) 
is of dimension 1, then pl{M) is a line or a plane conic, and hence contradicts 
dim > 0. Therefore, pL contracts every irreducible component of F to a point, 
and hence [F] e R{x,l)- From [E] e R^^ we obtain ET = and hence AP — 
j^2_|_p2 ^ Thus we get a contradiction again. Hence \E\ has no fixed components. 
In particular, E is nef. Since pl is birational and E is primitive in i?p^ ^ (being 
part of its basis), a general member E of \E\ is mapped by pL birationally to a 
plane cubic curve in P^. Therefore a general member of \E\ is irreducible, and 
hence \E\ is a (quasi-)elliptic pencil by 15!, Proposition 0.1]. Therefore the quadric 
hypersurface Q(x,l) contains a one-dimensional family {Hf} of planes such that 

\E\^{pl{IlfnY^x,L))}- 

Hence Q(^x,l) is singular. Since Q[x,l) contains two irreducible families {Hf} and 
{Hf } of planes corresponding to \E\ and we have dim Sing = 0, and 

Q(x,L) is a cone over a non-singular quadric surface Q = P^ x P^. If Y(^x,l) passed 
through the vertex P of the cone Q(x,l)i then the linear system \E\ would have a 
fixed component that is contracted to the point P. Hence P is not contained in 

Yix.L)- ° 

Note that a non-ordered pair of the numerical equivalence classes [E] and [F] in 
i?p^ L) satisfying (|7.1(l is unique. The following has been shown in the proof above: 

Corollary 7.2. The divisors E and F are nef. The complete linear systems \E\ 
and \F\ are (quasi-) elliptic pencils. 

We denote by 

: Yt^x,L) ^ Q = P^ X Pi 
the projection from the vertex P of the cone Q[x.l)- Let x and y be affine coordi- 
nates of the two factors of P^ x P^. The surface Y(x,l) is defined by an equation 

(7.2) := M/3 + a{x,y)W'^ + h{x,y)W + c{x,y) ^ 0, 

where is a fiber coordinate of the afhne line bundle Q(x.l) \ {P} — Lq{1, 1) on 
Q = P^ X P^, and a, b, c are polynomials of degrees 1, 2 and 3, respectively. 

Let us consider the fibrations 

^\E\ = P^i °'^p ° PL '■ ^^P'^, and 
<i>|i?| = pr2 oTTp o Pi : X^¥^, 

where pr^ : P^ x P^ — s- P^ is the projection onto the i-th factor. Because Y(^x,l) 
has ten cusps, the classification of fibers of (quasi-) elliptic fibrations and the crite- 
rion |17l Section 4] for quasi-ellipticity imply the following: 
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Proposition 7.3. The fibrations ^\e\ o,nd '^\f\ ol^^ quasi- elliptic. Let Q he a fiber 
of the quasi- elliptic fibration ^\e\ ■ Then Q is either of type II, of type IV or of type 
IV*. Moreover, we have 

is of type II <^==^ Pl{Q) does not pass through any cusps ofY^x.L)^ 
Q is of type IV passes through exactly one cusp ofY(^x,L), 

Q is of type IV* <==^ Pl{Q) is a line with multiplicity 3 passing through 

exactly three cusps ofY(^x,L)- 

Same hold for fibers of <^\p\. 

Proof of Theorem \l.b\ Let X be a supersingular K'i surface with cr{X) < 6. We 
choose a subcode C of the isotropic admissible code Cy in Table lOI with 

dimC = 6-a{X), 

and consider the corresponding overlattice Nc of Z[10yl2] © U{3). There exists an 
isometry 

(j): Nc^ NS{X) 

such that 4>{e + /) is the class [L] of a line bundle L that is very ample modulo 
(— 2)-curves, where e, / form the canonical basis of C/(3); see the proof of Theorem 
1.5. Then Y(^x,l) is a complete intersection in with multi-degree (2,3) that has 
ten cusps as its only singularities. We will prove Thcorcm ll.Sl bv showing that, for 
this polarized supersingular A'3 surface {X,L), the morphism vrp from Y(^x,l) to 
X P^ is purely inseparable; that is, the polynomials a and b in H7.2|l are zero. 

We assume that ttp is separable, and derive a contradiction. 

For i = 1, . . . , 10, let Ci and Di be the (— 2)-curves contracted by pL satisfying 

and let E, F be divisors such that 0(e) = [E] and (t){f) = [F]. Then E and F 
satisfy [E], [F] e Rfx.L) EUl- We put 

7, := ([C] + 2[A])/3 mod {R(^x,l) ® i?fx,L)). 
[i?]/3 mod(i?(x,L)©i?fx,L)), 
[F]/3 modiR^x,L)®Rtx.L))■ 
The code C{^x,L) defined by 

C(x,L) NS{X)/{R(xM) © Rtx.L)) C Disc(i?(x,L) © Rtx.L)) = ^3° © 1^3 

is isomorphic to the subcode C of C7 chosen above. Let G be a divisor on X. Then 
[G] e NS{X) is written as 

-^(s.[C.]+t,:[A]) + |[i?] + |[^^], 

■i— 1 

where s^, i^, a, /5 are integers satisfying Si + = mod 3. We denote by 
(G):=[G] mod{R^x,L)®Kx,L)) 
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the word of C(x,l) corresponding to [G], which is written as 



10 



(x(G), aJ) = Y^ xa^ + «r + Pe" 

i=l 

where a. = a mod [3 — (3 mod 3, and 

'O if {si,U) = (0,0) mod 3, 

1 if = (1,2) mod 3, 

2 if {si.ti) EE (2,1) mod 3. 

We put 



s{G) 




si(x(G)) 




S2(G) 





By definition, we have 

s(G) =si(x(G))Us2(G). 

Lemma 7.4. Suppose that G is a reduced irreducible curve on X. Then the fol- 
lowing holds: 

(7.3) \S2{G)\ < ^(a/3-|si(x(G))|) + l. 
In particular, we have a(3 — |si(x(G))| > —3. 

Proof. Let s and t be integers such that s + t = mod 3. If (s, i) ^ (0, 0), then 

((sG, +tA)/3)' < -2/3 
holds. If (s,t) ^ (0,0) and {s,t) = (0,0) mod 3, then 

{{sC,+tD,)/if < -2 

holds. Therefore we have 

G2<-^|si(x(G))|-2|s2(G)| + ^«/3. 
On the other hand, we have G^ > —2. Hence we get the inequality (|7.3|) . □ 
Let us denote by T the Cartier divisor on Y(^x,l) cut out by the equation 

(7.4) ^ = -aW + h = 0, 

and let T be the proper transform of T by p^. By the assumption that ttp is 
separable, T is a divisor and 7rp is etale outside T. Hence the divisor T contains 
the ten cusps of Yi^x,l)- Therefore we have 

(7.5) s(T) = {l,2,...,10}. 
From the defining equation H7.4|l of T on Y(x,l), we have 

(7.6) ET = FT = 6. 
We denote by Gb the closure of the locus 

{ X £ X I the fiber of ^i^;! passing through x is of type II and is singular at a; }, 



20 



ICHIRO SHIMADA AND DE-QI ZHANG 



and equip Ce with the reduced structure. A general member E of \E\ intersects 
Ce at one point with multiplicity 3 {|H1)- See Figure ??. We define Cf in the same 
way. Both of Ce and Cp are irreducible, and we have 

(7.7) CeE = CpF = 3. 

Because prj^ : x — + is smooth, if prj^ ottp is not smooth at a non-singular 
point of Y^x,L)^ then ttp is not smooth at that point. Therefore the divisor T 
contains Cb as a reduced irreducible component. Same holds for Cp- 

Claim 7.5. The two curves Ce and Cp are distinct. 

Proof. Suppose that Ce — Cp holds. Let a; be a general point of Ce = Cp. Since 
the fibers E^ of $|^| and Fx of ^i^^i passing through x are both singular at a;, we 
have E^Fx > 4, which contradicts EF = 3. □ 

Let 

T = CE + Cp+Ti + ---+Tt 
be the decomposition of T into reduced irreducible components. We put 

\-'^e] = Y.^SE,^[C^] + iB,»[A])/3 + {aE[E] + /3£[F])/3, 

[Cp] = Y.^sp,,[C,] + iF,z[A])/3 + {ap[E] + l3p[F])/i, 

[Tu] = ^(s.,aQ]+i.,aA])/3 +(«.[£;] +/3,[F])/3 (z. = l,...,i). 

Since E and F are nef, we have 

(7.8) > 0, /?£ > 0, aF>0, /3f > 0, > 0, > (v^l,...,t). 

Since np is finite, ttp o pj^ maps each irreducible component of T to a curve on 
P^ X P^. Therefore we have 

(7.9) ai. > or > (i/ = 1, . . . , i). 
By H7.7|l . we have 

(7.10) I3e = 3, ap = 3. 
Then, from (|7.6|l . we have 

i t 

(7.11) a_E + ^ai/=3, and /3f + /3t, = 3. 

Consider the words 

(Cs) = (xF,a£:,0), (Cf) = (xf,0,/3f), (T^,) = (x^,, ai,, ^j,) (zy = l,...,t) 
in the code C(^x,l)- From Lemma 17.41 we have 

(7.12) -wt(x^) +a^/3^ > -3 {v=l,...,t). 
Claim 7.6. xf = xf = 0. 

Proof. Let 6 be a fiber of <i>|F| such that /5l(0) passes through a cusp qi :— 
PhiCi) = pL{F>i) of Y(^x,L)- Then Q is of type IV or IV*. Suppose that 9 is 
of type IV. Then consists of three irreducible components of multiplicity one, 
two of which are Ci and Di, that intersect at one point. The curve Cp passes 
through the intersection point. Since QCe ~ 3, we have CeCi — CEF)i — 1, and 
therefore Si^E = ti,E — —3 holds. Suppose that Q is of type IV*. Then Ce passes 
through a point of the multiplicity 3 component of Q, and does not intersect other 
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irreducible components. This fact can be proved by considering the puU-back of 
the quasi-elHptic fibration by the base change of degree 2 branching 

at the point $|£;|(0), which makes the fiber 8 into type IV. Then it follows that 
Si,E = ti^E = 0. In any case, we have i ^ si{x.e)- Since this holds for any cusp qt 
of Y(^x,L), we have si{xe) =%■ □ 

Since T is a Cartier divisor of Y(^x,l)i the total transform p*i^{T) is contained in 
Rf^ ^) = IIE] © and hence (T) = 0. Therefore we obtain 

(7.13) xi + ---+Xi=0. 
By H7.5|l . we have 

s{Ce) U s{Cf) U s{Ti) U • • • U s{Tt) = {1,2,..., 10}. 
Using Lemma 17.41 we obtain 

(7.14) t + 2+-(aEPE + aFf3F + ^ia^f3u-\sii^u)\)) > 

10 - |si(xi)U---Usi(xt)|. 

Because C(^x,l) is isomorphic to a subcode of C7, we have shown that there exist 
integers ue, Pf, Q-iy, [t^ — ^, ■ ■ ■ ,t) and words 

{O,aE,0), (0,0, /3f), {i^ = l,...,t) 

in the code C7 satisfying H7.8|) - (|7.14|l . Using computer, however, we can show that 
such integers and words do not exist. Thus we get a contradiction. □ 

Instead of the code C7, we can use the codes C3, . . . ,Ce in Table |0] However, 
we cannot use C2 or Ci. Indeed, in Ci, for example, we have the following integers 
and words: 

[0,0,0,0,0,0,0,0,0,0,3,0], 
[0,0,0,0,0,0,0,0,0,0,0,3], 
[1,0,0,0,0,0,0,0,1,1,0,1], 
[0,2,0,0,0,0,0,2,0,2,1,0], 
[0,0,2,0,0,0,2,0,2,0,1,0], 
[0,0,0,1,0,0,1,1,0,0,0,1], 
[2,1,1,2,0,0,0,0,0,0,1,1]. 
Nevertheless, we can ask the following: 

Question 7.7. Is ttp : Y(^x,l) — > P^ xP^ inseparable for any polarized supersingular 
K3 surface {X, L) of degree 6 with TZ(^x,l) = WA2 and 7?^^- = U{3)1 

Example 7.8. Consider the purely inseparable triple cover of P^ x P^ defined by 

W^3 = (x3-x)(2/3-y), 

and the corresponding polarized supersingular K3 surface {X,L). We will show 
that the Artin invariant of X is 1, and that the 5-dimensional ternary code Ci^x.l) is 
isomorphic to Ci. For a G F3, let la and rua be the lines on P-*^ xP-'^ defined by a: = a 
and y = a, respectively. The strict transforms of la and rua by irpopL are written as 
3Zq and ifha, respectively. Numbering the twenty (— 2)-curves Ci, Z^i, . . . , Cio, Diq 



22 



ICHIRO SHIMADA AND DE-QI ZHANG 



in an appropriate way, we can write the numerical equivalence classes [^q], [rha] as 
follows: 







V A2' 


VA-i - 


V [i?]/3, 


mo] 


^ A[- 




VA!,~ 


V [F]/3, 




= Ai- 


vM- 


h ^6 - 


h [i?]/3, 


mi] 


= 






V [F]/3, 


^2] 


= Aj- 


VA^- 


VA^- 


h [i?]/3, 


mz] 


= A',- 




VA!^- 





where 

A, = -([a] + 2[A])/3, = -(2[C.] + [A])/3. 

The discriminant of the sublattice of NS{X) generated by the classes [E], [F], the 
classes of the twenty exceptional curves, and the 6 classes above is equal to —9. 
Hence these classes span NS{X), and the Artin invariant of X is 1. The 6 words 
(la), {"fna) generate a 5-dimensional ternary code isomorphic to Ci. 

Question 7.9. Find the defining equations of purely inseparable triple covers of 
Q = X corresponding to the other ternary codes C2, . . . ,C7 of dimension 5 in 
Table O (See Corollary El) 

In jjl] , Dolgachev and Kondo gave various defining equations of the supersingu- 
lar KZ surface in characteristic 2 with Artin invariant 1, and determined the full 
automorphism group of this KZ surface. We expect that various defining equations 
of the supersingular KZ surface in characteristic 3 with Artin invariant 1 would be 
also helpful in the study of the automorphism group of this surface. 
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